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Abstract 

The quantum iV-dimensional orthogonal vector Cayley-Klein spaces with 
different combinations of quantum structure and Cayley-Klein scheme of con- 
tractions and analytical continuations are described for multipliers, which 
include the first and the second powers of contraction parameters in the 
transformation of deformation parameter. The noncommutative analogs of 
constant curvature spaces are introduced. The low dimensional spaces with 
N = 3,4 are discussed in detail and all quantum analogs of the fibered spaces 
corresponding to nilpotent values of contraction parameters are given. As a 
result the wide variety of the quantum deformations are obtained. 
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1 Introduction 

Spaces of constant curvature are among all spaces most symmetric ones. Such 
iV-dimensional space has maximal motion group depending on N(N + l)/2 
group parameters. Due to this reason they have many fields of application 
both in mathematics and physics. The uniform axiomatics of all constant 
curvature spaces of arbitrary dimension was elaborated by R.I.Pimenov [I], 
where the set of parameters taking real, imaginary and nilpotent values was 
introduced. Practically these spaces can be obtained from the spherical space 
by contractions and analytical continuations known as a Cayley-Klein scheme 
[2], where instead of zero tending contraction parameters of [3] are used nilpo- 
tent valued parameters. Accordingly their motion groups are obtained from 
orthogonal group by Cayley-Klein contractions and analytical continuations. 
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Quantization theory of simple Lie groups was suggested by L.D. Faddeev 
and his school [I]. Mathematically quantum groups are noncommutative 
and noncocommutative deformations of Hopf algebras. With the quantum 
orthogonal groups are connected quantum orthogonal vector spaces (or quan- 
tum Euclidean spaces), which are defined as an algebra functions with the 
set of generators satisfying certain commutation relations. Quantum orthog- 
onal sphere of arbitrary dimension Sg have been suggested in this paper 
[I]. The standard Podles quantum sphere [5] is connected with quantum 
unitary group and can be viewed as a quotient SU q {2)/U{l). The example 
of a quantum 4-sphere motivated by Poisson structure was presented in [6]. 
The twisted deformations which quantize the semiclassical structure defined 
by a generic element of the Cartan subalgebra results in twisted spheres [7]. 
The discrete family of Podles quantum spheres can be thought of as the fam- 
ily of q-deformed fuzzy spheres [Sj. So there are different approaches to a 
noncommutative spaces. 

It is naturally to construct quantum analogs of Cayley-Klein groups and 
spaces with the same contractions and analytical continuations scheme which 
holds in commutative case starting from the quantum orthogonal groups and 
quantum vector spaces. Two new aspects are added in noncommutative 
quantum case as compared with the commutative one. First of all a trans- 
formation of the deformation parameter z = Jv under contraction need be 
added for quantum group [H] or space. Secondly two mathematical structure 
(quantum deformation and Cayley-Klein scheme) need be combined. This 
structures can be combined in a different ways [10]. Different combinations 
of quantum structure and Cayley-Klein scheme are described with the help 
of permutations a. 

In the papers [TT]-|l5j. quantum orthogonal Cayley-Klein groups in Carte- 
sian basis and the noncommutative analogs of the possible commutative 
kinematics [16] was constructed starting from the mathematical theory of 
quantum groups and quantum vector spaces [I] . But analysis in the previous 
papers was confined to the minimal multiplier J in transformation of defor- 
mation parameter, which has the first power multiplication of contraction 
parameters. This restriction imply that for certain combinations of quantum 
structure and Cayley-Klein scheme some contractions do not exist. In order 
to all Cayley-Klein contractions was possible for all permutations a it is nec- 
essary to regard non-minimal multiplier J, which include the first and the 
second powers of contraction parameters. In this paper we find non-minimal 
multipliers for the general quantum orthogonal Cayley-Klein spaces (Sec. 3) 
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and describe in detail noncommutative quantum analogs of constant curva- 
ture spaces for N = 3 (Sec. 4) and N = 4 (Sec. 5). In Sec. 2 we briefly 
remind the definition of the commutative Cayley-Klein spaces. 

2 Spaces of constant curvature 

The axiomatic description of the most symmetric spaces, namely constant 
curvature spaces was given by R.I.Pimenov pQ. All 3^ iV-dimensional con- 
stant curvature spaces can be realized j2] on the spheres 

s N u) = fe 2 + m + . . . + a, n + = i}, 

in (N + l)-dimensional vector space N+l (j), where 

max(i,fc)- 1 

(hk)= II 3h (k,k) = l, 

/=min(j,fc) 

and each of parameters jk takes three values 1, ik,i, k = 1,...,N. Here 
ik are nilpotent generators i\ — 0, with commutative law of multiplication 
tfctm = t m tjt 7^ 0, k 7^ m. We shall demand that the following heuristic rules 
be fulfilled: for a real or complex a the expression a/ik is defined only for 
a = 0, the expression L m /ik is defined only for m = k, then ik/ik = 1- 

The intrinsic Beltrami coordinates = ^k+1^,1 1 , k — 1,2, . . . , N present 
the coordinate system for constant curvature space S N (j), which coordinate 
lines Tk = const are geodesic. S N (j) has positive curvature for ji = 1, 
negative for j\ — i an d it is fl & t for j\ = L\. For a flat space the Bel- 
trami coordinates coincide with the Cartesian ones. Nilpotent value of the 
contraction parameter jk = tk, k > 1 correspond to a fiber space with 
(k — l)-dimensional base Sb = {r\, . . . ,rk-i} and (N — k + l)-dimensional 
fiber Sf = {rk, . . . , r^}. In order to avoid terminological misunderstanding 
let us stress that we have in view locally trivial fibering, which is defined 
by the projection pr : S N (tk) Sb- This fibering constitute foundation of 
the semi-Riemannian geometry [T7]-[22], E3] and has nothing to do with 
the principal bundle. Imaginary value of parameter jk = i correspond to 
pseudo-Riemannian space. All nine constant curvature planes (or Cayley- 
Klein planes) are represented on Fig.l. 
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Fig.l. Nine constant curvature planes. Fibers are represented by thick 
lines. Light cones in (1 + 1) kinematics are drawn by dotted lines. 



Part of constant curvature spaces S 4 (j) for ji = l,ti,i, J2 = L 2,h h = 
j 4 = 1 can be regarded as (1 + 3) space-time models or kinematics [IB], if 
one interprets r\ as the time axis and the rest as the space ones [2].|15|. 
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3 Quantum orthogonal groups and quantum 
Cayley-Klein spaces 

According to FRT theory [3], the algebra function on quantum orthogonal 
group Fun(SO q (N)) (or simply quantum orthogonal group SO q (N)) is the 
algebra of noncommutative polynomials of n 2 variables = l,...,n, 

which are subject of commutation relations 

R q T{T 2 = T 2 T x R q (1) 

and additional relations of g-orthogonality 

TCT 1 = C, T l C- l T = C- 1 . (2) 

Here T x = T <g> I , T 2 = I ® T e Af na (C<^», T = (tij)? J=1 G M„,(C(^», 7 
is unit matrix in M n (C), C = Co<? p , P = diag(pi, . . . , pjv)> (Co)ij = i' — 
N + l-i, i,j — l,...,N, that is (C)^ = q p «8 Vi and C' 1 = C, 

, v / (n- §,n -§,..., §,0,-±,...,-n + |), iV = 2n + 1 

' ' ' ' PArj \ (n — 1, n — 2, . . . , 1, 0, 0, —1, . . . , — n + 1), N = 2n. 

(3) 

The numerical matrix is the well-known solution jl] of Yang-Baxter equa- 
tion and its elements fulfils the role of the structure constant of quantum 
group generators. 

Let us remind the definition of the quantum vector space 
Definition 1. An algebra 0^(0) with generators xi, . . . ,Xn and com- 
mutation relations 

R q {x <S>x) = qx® x - — ^ N _ 2 x l CxW q) (4) 
where R q = PR q , Pu®v = v ®u, Vu, v G C n , W q = Y^Zi 1 Pi ' e « ® e ^ 

N n 

x l Cx = x i c ij x j = ex n+i + (q~ Pk XkXk> + q Pk x k >Xkj , (5) 



e = 1 for N = 2n+l, e = for N = 2n and vector (ej)fc = <5jfc, i, k = 1, . . . , N 
is called the algebra of functions on iV- dimensional quantum Euclidean space 
(or simply the quantum Euclidean space). 
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The coaction of the quantum group SO q (N) on the noncommutative vec- 
tor space Oq (C) is given by 

n 

8(x) = T®X, S(Xi) = J2 t ik® x k, 2 = 1, ... ,71 

k=l 

and quadratic form (JS]) is invariant x l Cx = inv with respect to this coaction. 

The matrix C has non-zero elements only on the secondary diagonal. 
They are equal to unit in the commutative limit q — 1. Therefore the quan- 
tum group SO q (N) and the quantum vector space O q (C) are described by 
equations ([I])-© in a skew-symmetric basis, where for q — 1 the invariant 
form x 1 CqX = inv is given by the matrix Co with the only non-zero elements 
on the secondary diagonal which are all equal to real units. 

New generators y = D~ l x of the quantum Euclidean space O q (C) in 
arbitrary basis are obtained [H],[l2] with the help of non-degenerate matrix 
D G Mn and they are subject of the commutation relations 

R(y®y) = qy®y- - X N _ 2 y t C'yW, 

1 + g 

where R = (D <g> D)- l R q (D ® D), W = (D <g> D)" 1 ^, C" = D t CD. The 
corresponding quantum group SO q (N) is generated in arbitrary basis by 
[/ = (uij)fj =l , where U = D~ l TD. The commutation relations of the new 
generators are 

BUxUz = U 2 UiR 
and g-orthogonality relations look as follows 

UCU* = c, u'ic)-^ = (cy\ 

where R = (D <g> D)- 1 R q (D ® D), C = D^C^D- 1 ) 1 . 

In many cases the most natural basis is the Cartesian basis, where the 
invariant form inv = y t y is given by the unit matrix I. The transformation 
from the skew-symmetric basis x to the Cartesian basis y is described by the 
matrix D, which is a solution of the following equation 

D'CoD = I. (6) 

This equation has many solutions. Take one of these, namely 



D = —= V2 , iV = 2n + 1, (7) 




/ 
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where Co is the n x n matrix with real units on the secondary diagonal. For 
N = 2n the matrix D is given by ([7]) without the middle column and row. 
The matrix ([7j) provides one of the possible combinations of the quantum 
group structure and the Cayley-Klein scheme of group contractions. All 
other similar combinations are given by the matrices D a = DV a , obtained 
from (J7J) by the right multiplication on the matrix V a G Mjy with elements 
{Va)ik — ^o-i.fe, where a G S(N) is a permutation of the iV-th order [TBJ . The 
matrices D a are solutions of equation (jSJ). 

We derive the quantum Cayley-Klein spaces with the same transformation 
of the Cartesian generators y = ^ = diag(l, (1,2),..., (1, N)) G Mjv, as 
in commutative case [2], [T2]. The transformation z = Jv of the deformation 
parameter q = e z should be added in quantum case. 

Definition 2. Algebra (j; a; C) with Cartesian generators £i, • • • , £jv 
and commutation relations 

A 2 sin n / 

JkttK ® e = ® i - l + eMN _ 2) ?c a mw°{j), (8) 

where 

R a (j) = ^R^, W a (j) = <fr x W a , 

C a (j)=^D t a CD^ = tljV^D t CDV^, ^ = ^®V, 

is called the iV-dimensional quantum Cayley-Klein vector space. 
In explicit form commutation relations OHJ are 



CcTk&m = cosh Jv ~ i^m^y 7T ak '[ sinh Jv > k <m<k', k ^ m' , 



1) "Vn' 
1,0",, 

(9) 



& fc 6r m = cosh - ^ 7 -LJ!i_ s i n h Jv, m' < k < m, k ^ m' 



[UAa k/ ] = 2.6 sinh(^) (cosh J,)"-^„ +1 (T^T^) 



(10) 

where k,m = 1,2, ... ,n, N = 2n + 1 or iV = 2n, fc' = iV + 1 — k, permuta- 
tion a = (oi, . . . , erjv) describes definite combination of the quantum group 
structure and Cayley-Klein scheme of group contraction. The invariant form 
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under the coaction of the corresponding quantum orthogonal group on the 
quantum Cayley-Klein space (J; a; C) is written as 



inv(j» = e(l,<r n+ i) 



■ 2 2 (cosh Jv y 



cosh(Jw/2) 

+ E((l,^.) 2 4 + (l,a kl ) 2 C kf )(coshJv) k 'A cosh(Jv Pl ). (11) 



k=l 



Definition 3. The quantum Euclidean space (C) with the antiinvo 



lution x* = C l x (or in components x* k = q pk xy-, k = 1, . . . , N) is called the 
quantum real Euclidean space (R) [I]. 

Similar definition is hold for quantum Cayley-Klein space. 

Definition 4. The quantum Cayley-Klein vector space (j; o~\ C) with 
the antiinvolution 



C k = cosh J vp k + i^ k , ' sinh J vp fc , £ = ^ n+1 , 



C t , =^coshJvp fc -i^ fc7 ^-^r-siiihJvp fc , fc = l,...,iV (12) 

is called the quantum real Cayley-Klein vector space (j; a). 

The multiplier J in the transformation z = Jv of the deformation param- 
eter need be chosen in such a way that all indefinite relations in commutators, 
which appear under nilpotent values of the contraction parameters are can- 
celed. 

Theorem. The quantum N- dimensional Cayley-Klein vector space (j; a) 
exist for all possible contractions = l^, k — 1, . . . , N — 1, if multiplier J in 
transformation of deformation parameter z = Jv is taken in the form 

J = J \J J i = J o{J J i k) > ( 13 ) 

k 

where Jo, j[ k \ J\ are given by P$), (fig)). 

Proof. As far as multipliers (1, at) and (1, ay) enter symmetrically into 
the commutators fl9|) . ffTOj) . we can put o~k < o~k> without loss of generality. 
Then indefinite relations in commutators ((9]) take the form (1, ov) = 

(c"fc, where k = 1,2, ... ,n for N = 2n + 1 and k = 1, 2, . . . , n — 1 for 
iV = 2n. They are eliminated by the multiplier 

Jo = U( a *> <7 *0- ( 14 ) 
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It has the first power multiplication of contraction parameters and is the min- 
imal multiplier, which guarantees the existence of the Hopf algebra structure 
for the associated quantum group SO v (N;j;a). The analysis in the paper 
[T5] was confined to this minimal case. 

Definition 5. The "union" of two multipliers is understood as the 
multiplication of all parameters j k , which occur at least in one multiplier 
and the power of j k in the "union" is equal to its maximal power in both 
multipliers, for example, (jij'f) UO'2.7'3) = jijlh- 

If we take into account indefinite relations in commutators (fTOj) . then we 
come to the non-minimal multiplier J, which consist of contraction parame- 
ters in the first and the second powers. The indefinite relations in commu- 
tators f llOp have the form 

I^m=fc+l[(l? a m) 2 + (1, OW) 2 ] _ Z)m=fc+l(l; a m) 2 

(l,cr fe )(l,c>v) (i,cr fc ) 2 Ofc,ov) ' 

for even N = 2n and 

(l,a„ +1 ) + E;U + i[(l^ m ) 2 + (l,ow) 2 ] _ (l^n + i) + E™ =fc+ i(l,0 2 



(l,(7 fc )(l,c>v) (l,a k ) 2 (a k ,a k > 
for odd N — 2n + 1. Let us introduce numbers 

i k = min{cr fc+ i, . . . ,a n }, 
then kth expression in (fl5l) or ( fT6l) is equal to 



(16) 



>2 



ik,&k) 2 (o"fc,<7fc') , ik < Ok 
c"fc,'ifc)(4,o"fc')~ 1 5 o k <i k <o k t 



2 



i k > a k i 



and compensative multiplier for this expression is as follows 

{(ik, ^ k ) 2 (a k , a k i), i k < a k 
{i k ,a k >), o k <i k <o k , (17) 
1, i k > a k >. 

For all expressions in flT5|) or fTTBT) compensative multiplier J\ is obtained by 
the union 

Ji = [jji k) (18) 
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Therefore the non-minimal multiplier J in the transformation z = Jv of the 
deformation parameter is given by ( I13p and include the first and the second 
powers of contraction parameters. A 

Definition 6. The quotient algebra S*^ -1 of the algebra (R) by 
the relation x* l x = x t Cx = 1 is called the (JV — l)-dimensional quantum 
orthogonal sphere [I]. 

We define quantum orthogonal Cayley-Klein sphere in a similar way. 

Definition 7. The quotient algebra S , ^ _1 (j;cr) of the algebra 0^(j;a) 
by the relation inv(j; a) = 1 (II ip is called the (JV — l)-dimensional quantum 
orthogonal Cayley-Klein sphere. 

The quantum analogs of the intrinsic Beltrami coordinates on this quan- 
tum sphere are given by the sets of independent right or left generators 

r<Ti-\ = r CTi _! = Cr 1 ^, i = l,...,N, i ^ k, a k = l. 

The reason for definition of right and left generators is the simplification 
of expressions for commutation relations. It is possible to use only, say, 
right generators, but its commutators are cumbersome, when all contraction 
parameters are not nilpotent. 



4 Quantum Cayley-Klein vector spaces Oj(j; a] 
and orthogonal spheres S^(j;cr) 



The 3-dimensional quantum Cayley-Klein vector spaces 0^(j;er),j = (ji,j2) 
are generated by £ CTp £ CT2 , £ CT3 with commutation relations (see (I9|). (ITD|) ) 

£<xi6t 2 = 6T 2 £<n cosh(Jw) - i£a 2 £* 3 r ] ,(T3 , sinh(J^), 



' 1 (I ~] 

6m£«s = &s6m cosh(Jw) - i^ga ) ' 1 smh(JV) 

I 1 , 0-3) 



[6^,6,3] = 2<-^^sinh(Jt;/2) (19) 



.2 v 1 , ^) 
(1,^0(1, as) 



and has invariant form (ITT 



inv(j; a) = ((1, n) 2 ^ + (1, a 3 ) 2 C 3 ) cosh J- + (1, a 2 ) 2 £ 2 cosh Ju. (20) 
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The antiinvolution (II 2p of the Cartesian generators is written as 



d = 61 cosh Jvpi + z6 3 — - — r sinh J vp x , = 6 2 

C 3 = 6 3 cosh Jupi - i^ ai ] ,ai sinh J^pi, p x = i p 2 = 0. (21) 

(1,0-3) 2 

By the analysis of the multiplier (lT3"j) for AT = 3 and commutation rela- 
tions ffl9l) of the quantum space generators we have find three permutations 
with a different multipliers J, namely J = jij 2 , for 00 = (1, 2, 3), J = j\ for 
a 1 = (1, 3, 2) and J = j?j 2 for a = (2, 1, 3). 

Orthogonal quantum 2-spheres S%(j;a) = 0^(j;a)/ {mv(j;a) = 1} are 
characterized by the right or left f/- quantum analogs of the intrinsic 
Beltrami coordinates, whose commutation relations can be obtained only for 
fixed permutation a. Let us discuss these cases of different permutations 
separately. 



4.1 Permutation gq = (1,2,3), multiplier J = J1J2 

According to (|19p . (l2ip the corresponding quantum Cayley-Klein vector space 
is characterized by the following commutation relations of generators and 
their involutions 

Ol(j] cr ) = jfif 2 = 66 cosh jij 2 v - i&£,3ji32 sinh j^v, 

1 7"? V 

66 = 66 cosh jij 2 w - ^16— sinh jij^f , [6, 6] = 2if|-r-r- sinh j'ij 2 -, 

J1J2 J1J2 2 

CI = 6 cosh jij 2 ^ + i&jij 2 sinh j'u'2-, 

v 1 f 1 

£3 = 6 cosh jij 2 - - ?6 — sinh jij 2 - , ^ = 6 f • (22) 
2 J1J2 2 J 

In the commutative case (v = 0) the nilpotent value of the first contrac- 
tion parameter ji = and j 2 = 1 gives the semi-Euclidean space with one 
dimensional base {6} and two dimensional fiber {6,6}- The noncommu- 
tative deformations of this fiber semi-Euclidean space is obtained by putting 
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ji = L\ in f[2"2"j) . namely 

ol(n; «T ) = | [6, 6] = [6, 6] = o, [6, 6] = 6* = 6, 6* = 6, £ = 6-*'6 - 

(23) 

For f = contraction j\ — 1, J2 — ^2 transforms Euclidean space E 3 to 
the space with two dimensional base {6,6} and one dimensional fiber {£3}. 
Its quantum analogs is obtained by this contraction of commutators 



O 3 v (t 2 ;a ) = I [6,6] = 0, [6,6] = *< 2 2 > [6,6] = ™66j- (24) 

The involutive generators A; = 1,2,3 are the same as in fl23|) . 
The invariant form for permutation o"o is obtained from (1201) 

inv(j; (x ) = (Ci + JiilCf) cosh jij 2 - + jlil cosh jij 2 f • (25) 

Orthogonal quantum 2-sphere S^(j;cr ) = 0^(j;cr o )/ {inv(j;a ) = 1} is de- 
scribed by the quantum analogs of Beltrami coordinates with commutation 
relations 

SvU; Co) = in = fi(cosh j x j 2 v - ir 2 jij 2 sinhjij 2 v), 

f 1 1 

r 2 — r 2 = 1%T\T\ sinh jij 2 -, r\r 2 = (r 2 coshjij 2 v — i—smhjij 2 v)ri. > (26) 

2 jij 2 J 

For jx = Li,j2 = 1 we obtain from (I2"6"j) that the left generators are equal to 
the right r\ = r\, f 2 = r 2 and the orthogonal quantum plane has the following 
commutation relations 

S2(n;<7o) = {[^^i] = itrij. (27) 

For J2 = £2, Ji — 1 we obtain from (1261) the quantum analog of the cylinder 
with 7*1 = f\ being its cyclic generatrix and f 2 = r 2 — ivjfrf. If j\ = h then 
cylinder has hyperbolic generatrix. The Beltrami generators of noncommu- 
tative cylinder has the following commutation relations 

S 2 v (t 2 ;a ) = |[r 2 ,n] =iw!(l+j?r?)}. (28) 

For ji = Li,j 2 = i 2 the quantum Galilei 2-plane is given by (}2"7]) . 
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4.2 Permutation a' = (1,3,2), multiplier J = ji 

As it follows from ffT9~]) .f l2~Tj) for permutation a' the commutation relations of 
generators and their involutions of the quantum Cayley-Klein vector space 
OvU'i a> ) ls described by 

°') = U1C3 = 66 cosh jxv - i66ji sinh j x v, 

66 = 66 coshjif - z'66— sinh j^, f 2 ] = 2i^| — sinh j^-, 

Ji Ji 2 

6* = 6 c °sh(ji^ + «6ji sinhji-, 

CI = 6cosh < 7' 1 - -«6— sinhjx-, £*=£ 3 j, (29) 

For ji = L\ the quantum semi-Euclidean space 0^(ti;cr') is connected with 
the space o"o) (|23|) by the replacement £2 — >■ 6 an d vice- versa, i.e. by 

the renumbering of the fiber generators. So it can not be regarded as the 
independent nonequivalent deformation of the fiber space. For ji = 1, j 2 = i 2 
in (T2"9"j) we obtain the noncommutative deformation of the fiber space with 
2-dimensional commutative base {6^6} an d 1-dimensional fiber {£3} 

0\{i 2 \a') = \ 66 = 66 cosh u-z66 sinh v, 66 = 66 cosh u-z66 sinh v, 



V V V V 

[6, 6] = 0, ^3 = 6, 6* = 6 cosh - + i£ 2 sinh -, £* = 6 cosh - - sinh - \. 

(30) 

The invariant forms for permutation a' is obtained from (|20|) 

inv(j; a') = (^ + fig) cosh j a - + cosh j^. (31) 

Orthogonal quantum 2-sphere S%(j; a') = 0%(j; a')/ {inv(j; a') = 1} has two 
Beltrami generators with commutation relations 

Sl(j; a') = \ f 2 = (cosh jiv + ifiji sinh j x v )r 2 , 
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r\ — fi = 2zf 2 r 2 — !— - sinh ji-, f^ri = (fi cosh jit> — i— sinh jit>)r 2 , \. (32) 
Ji ^ Ji J 

For ji = ti in ( 132]) the quantum plane S%(i\\a') is connected with the 
quantum plane «S^(ii; cr ) ( |27|) by the replacement ri — >■ r 2 and vice- versa, so 
it can not be regarded as the nonequivalent deformation of the orthogonal 
quantum plane. 

For j 2 = t2,ji = 1 we obtain from (1521) the quantum analog of the cylinder 
with 7*1 = fi being its cyclic (ji = 1) or hyperbolic (ji = i) generatrix and 
f 2 = (cosh jiv + ir±ji sinh j\v)r 2 . This quantum cylinder is described by 

SI{l 2 ;ct') = |[ri,r 2 ] = i(r 2 + jirir 2 ri)^-tanhjiw| (33) 

and can be regarded as noncommutative deformation of the semi-Riemannian 
spaces with 1-dimensional base and 1-dimensional fiber {r 2 }. Spaces 
(|30p and ([3"31 give an example of contraction, when deformation parameter 
remain unchanged. Physically these spaces can be interpreted as quantum 
analogs of the (1 + 1) nonrelativistic Newton kinematics with constant cur- 
vature. 



4.3 Permutation a = (2, 1, 3)), multiplier J = jfj2 

The commutation relations of generators and their involutions of the quan- 
tum Cayley-Klein vector space 0%(j; a) follow from (|T5|) . (j2Tl) 

°) = |66 = 66 cosh(ji j 2 v) - i66j2 sinh(jlj 2 v), 

1 1 

66 = 66 cosh(jlj 2 v)-i^ 2 Ci— smh(j 2 j 2 v), [6, 6] = 2i£i^~ sinh(j5W 2 )> 

J2 Jlj2 

£ 2 = 6 cosh(j 1 2 j 2 w/2) + i^aj 2 sinh (j 2 j 2 v/2), 
C 3 = 6cosh(j 1 V/2) - z&-smh(j 2 j 2 v/2), £* = Cil (34) 

J2 J 

The nilpotent value of the first contraction parameter ji = ti and j 2 = 1 
in (jMl) gives the new quantum semi-Euclidean space 



(35) 



Ot(n; cr) = [6, £2] = [6,6] = 0, [6, 6] = i<, ^ = 6, fc = l, 2, 3 
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which is not isomorphic to (123 p . 

For ji = l,j 2 = l 2 quantum space 01{l 2 ](t) is transformed to 0^(t 2 ; Co) 
by the replacement of the base generators £1 — > £2 and vice-versa, therefore 
it does not present new noncommutative deformation. 

For ji = L\,j2 = l-2 commutation relations of generators are given by (135]) . 

The invariant form for permutation a is given by f[2"Uj) 

inv(j; a) = + jlQ c^Jih^ + £1 cos]x jlh v - ( 36 ) 

Orthogonal quantum 2-sphere S%(j; <x) = 0^(j; a)/ {inv(j; a) = 1} is charac- 
terized by the commutation relations 

S%(j; a) = Ifi = n cosh jfj 2 v - ir 2 j 2 sinh jfj 2 v, 

r 2 = f 2 cosh jfj 2 v - in— sinh jfj 2 v, fir 2 - f 2 r 1 = 2i-^— sinh jfj 2 ^- \. (37) 

32 3i32 2 J 

For ji — Li,j 2 = 1 we obtain from (I3"7|) that the left generators are equal 
to the right f\ — ri, r 2 — ^2 and orthogonal quantum plane is as follows 

S%(Li;d-) = {[n,r 2 ]=ivy (38) 

This is the simplest deformation of the Euclid plane because commutator is 
proportional to the number iv, instead of operator in (1271) . 

For 32 = 12, ji = 1 the quantum cylinder S%(i2] a) is given by 

%(w) = {[rur2]=iv(l+fiii)}. (39) 

For ji = Lx,j 2 = L2 the simplest quantum deformation of the Galilei plane is 
given by ( 1381) . 

5 Quantum spaces 0^(j;cr) and 5^(j;cr) 

Quantum vector spaces 0*(j;cr),j = (31,32,33) are generated by I = 
1, . . . , 4 with commutation relations (k = 2, 3) 

a ) = i&x&k = €vk€<n. cosh(Jv) - ig gfc & , ^ ,ai \ sinh(J^), 
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6-*^!/ = f^/fo* cosh(Ji;) - i^a k ^ ,CTl \ sinh(Ju), [^^rj = 0, 

B n .w='(e.(^) , +^(i.*) , )(i^g 7 }. w 



where = (T4, 02' = °3- The antiinvolution ([12]) of the Cartesian generators 
is written as 

d = f <n cosh + i£ CT4 1,<Ti \ sinh Ju , £* 2 = £ CT2 , 

l-L,o"iJ 

C 4 = 6t 4 cosh Jv - ^ sinh Jw > C = ^3 > ( 41 ) 

since according with © pi = 1, P2 = 0. 

By the analysis of the multiplier ffl3|) for iV = 4 and commutation rela- 
tions ( |4"0]) of the quantum space generators we have find minimal multiplier 
J = (ax, cry), which takes three values Jo = (1, 1') = J1J2J3 for permutation 
a = (1,2,3,4), J/ = (1,2') = jxj 2 for a, = (1,2,4,3), J n = (1,2) = jx 
for a - // = (1,3,4,2), i.e. for permutations with ax — 1 and three non- 
minimal multipliers J = (1, e>"i)(l, ov), namely Jjjj = (1, 2')(1, 1') = jfj 2 j3 
for a in = (3,1,2,4), J IV = (1,2)(1,1') = jfj 2 j 3 for a IV = (2,1,3,4), 
Jy = (1,2)(1,2') = jfj 2 for a v = (2,1,4,3), i.e. for permutations with 
ax ^ 1. 



5.1 Quantum fibered spaces 0„(j; <r) 

We shall not describe all six combinations of Cayley-Klein and quantum 
structures in full details but shall concentrate our attention on fibered spaces, 
which correspond to nilpotent values of the contraction parameters. The 
careful analysis of the commutation relations fj4*0|) for the above mentioned 
permutations and nilpotent value of the first contraction parameter jx = 
l \,3i — H — 1 gives two nonisomorphic quantum fibered spaces with 1- 
dimensional base {£1} and 3-dimensional fiber {£2, £3, £4}- These quantum 
fibered spaces are obtained for permutations a , am and are characterized 
by the following nonzero commutation relations 

O 4 v (h;ct ) = = ivte h . k = 2,3|, A v (Lx;a ni ) = = iv&\. 

(42) 
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In both cases base generator commute with all fiber generators and the last 
ones are not closed under commutation relations. The same properties are 
hold for jt = L X ,j 2 = L 2 ,j 3 = 1, ji = L1J3 = = 1, ji = t<i,32 = h = 
13, i.e. for successive enclosed projections or repeatedly fibered spaces. 

When the second contraction parameter takes nilpotent value 32 = ^2, ji = 
j 3 = 1, then the fibered commutative space with 2-dimensional base {6,6} 
and 2-dimensional fiber {6,6} is obtained. There are three its noniso- 
morphic noncommutative analogs, which are given by (|40l) for permutations 
(To, an, am. Their nonzero commutators are as follows 

Ot(h;°o) = {[6,6] = ™66, k = 2,3|, 0\(i 2 ;a U i) = {[6,6] = ii*?}, 

Of,(i 2 ; a H ) = {66 = 6(6 cosh w - z£ 2 sinhw), 

66 = (6coshu - z*6sinhu)6, = 3,4^. (43) 

The base generators commute for all permutations. The fiber generators com- 
mute only for permutation ajj. The base generators do not commute with 
the fiber generators for all permutations. The fiber generators are not closed 
with respect commutation relations for <7 and 07 //. The same properties are 
hold for ji = 1, j 2 = t2,33 = <<3- 

The fibered commutative space with 3-dimensional base {6)66} an d 1- 
dimensional fiber {£4} is obtained for nilpotent value of the third parameter 
33 — h,3i — 3i — 1- We have find two nonisomorphic quantum fibered 
spaces for this values of contraction parameters, which are given by ( I40p 
for permutations ao, an and are characterized by the nonzero commutation 
relations 

ofe^) = {[6,6] = ^66, k = 2,3, [6,6] = ^(6 2 + 6 2 )}, 

0*(l 3 ; a H ) = {^ = Zkfa coshw - sinhw), 
66 = (6 cosh v - «6 sinh v)£ k , k = 3,4, [£1, £ 2 ] = ££3 siim v ( ■ ( 44 ) 
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The base generators commute for permutation do, but do not commute for 
permutation erjj. In the last case they are closed with respect commutation 
relations. 

In general quantum spaces Of,(j;a) have commutative base for all per- 
mutations, when fibering is defined by j± = i\ or j 2 = l 2 . When fibering is 
defined by j 3 = i 3 the 3-dimensional base is also commutative for permutation 
a . The only exception is the quantum space 0^(t 3 ; an), where 3-dimensional 
base is noncommutative, but closed with respect commutation relations. For 
all permutations and all nilpotent values of contraction parameters the fibers 
are noncommutative and nonclosed except for 0^(12] an), where both 2-base 
and 2-fiber are commutative. 

The antiinvolution of generators is easily obtained from general expres- 
sions (jUj). For O*(4x;<7o), O^(i 2 ;a ), 0^(i 3 ;a Q ) we have ^ = £ m , m = 
1, 2, 3, £4 = £ m — iv£i. For 0^(ii] am), 0^(l 2 ; am) antiinvolution looks very 
simple = k — 1, 2, 3, 4. The most complicate antiinvolution 

61 = 61 cosh j x v + i^ji sinh j x v, 

€2 = 6 cosh j x v - i£y— sinh j x v, £* = 6» s = 3 > 4 - 
Ji 

has quantum spaces 0^(i 2 ; cjj), ^(^3; 0/j). 

5.2 Quantum deformations of constant curvature spaces 

The invariant form of 0*(j; a) is given by (TTTT) for N = 4 
inv(i; a) = [(1, <n) 2 £ + (1, ^ 4 ) 2 £ 2 4 + ((1, ^?C 2 + (1, ^) 2 &) c ^h Jv 



cosh Jf . 



The 3-dimensional quantum orthogonal sphere S^(j;a) is obtained as the 
quotient of 0*(j; a) by inv(j; a) = 1. It is described by the noncommutative 
sets of right and left space generators r k = "0c = ^ ^fc+i) k = 1,2, 3. 

For different permutations a , 07, . . . , ay these spheres are 

Sv(j] a ) = J r x r 2 = r 2 r x , r m r 3 = (r 3 cosh J v - i\- sinh J v) r m , m = 



Jo 

where 

r m = (cosh Jqv + ir 3 J sinh J t>) r m , m = 1,2, 
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r 3 - r 3 = U? (hn + f 2 r 2 r 2 \ -j- sinh J Q v, J = jij 2 h- 
v 7 Jo 

^(j; °"/) = | r ir 3 = r 3 ri, f m r 2 = (r 2 cosh J/d - ij- sinh Jji^ r m , m = l,3j, 

(46) 

where 

r m = (cosh Jjv + if 2 J/ sinh Jji>) r m , m = 1,3, 
r 2 - f 2 = Ui (rin + ^^3^3) Jr sinh J r v, J 7 = jij 2 . 

^(j; o"//) = j?" 2 r 3 = r 3 r 2 , r m r l = cosh J H v - i-!- sinh Jjji^ r m , m = 2, 3 

(47) 

where 

r m = (cosh Juv + ifiJn sinh J/jf) r m , m = 2, 3, 
r 1 -r 1 = ijlil (r 2 r 2 + j|r 3 r 3 ) -!- sinh J//t>, J 77 = j 1 . 
Commutation relations for nonminimal multipliers are more simple 



Sl{y,<Jin) = < 




= [n,r 3 ] 


= 0, [r 2 ,r 3 




[ri,r 2 ] 


= [r 2 ,r 3 ] 


= 0, [n,r 3 ] 




[?"i,r 3 ] 


= [r 2 ,r 3 ] 


= 0, [n,r 2 ] 



(48) 

where r(j) = rj + j%r% + j%j%rl J HI = jfj%j 3 , Jiv = jlhh, J v = dlh- 

All quantum orthogonal spheres S%(j; a) can be divided into two classes 
relative to their properties under nilpotent values of contraction parameters. 
These properties depend on transformation of deformation parameter and are 
different for minimal first order multipliers Jo, Ji, Jji and for non- minimal 
multipliers Jrn, Jiv, Jv- Let us regard these two classes separately. 

For minimal multipliers all quantum analogs of 3-dimensional space with 
zero curvature (ji = ii) are isomorphic and can be obtained from 

Sl(ii;<r ) = |[ri,r 2 ] = 0, [r 3 ,ri] = ivr 1} [r 3 ,r 2 ] = ivrjj (49) 
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by permutations of generators r^, k = 1, 2, 3. 

For j 2 = l 2 the commutative space has 1- dimensional base {ri} and 2- 
dimensional fiber {r 2 ,r 3 }. Corresponding quantum space 

S^cxo) = l[r u r 2 ] = 0, [r 3 ,r m ] = ivr m (l + j'M)> ™ = m} ( 50 ) 

is transformed to S^(t2; 07) by the substitution 2 — >• 3 and vice versa. Both 
spaces have noncommutative fiber. New quantum deformation with commu- 
tative fiber is given by 

Sl{ii](Tn) = |[r 2 ,r 3 ] = 0, [7*1, r m ] = z(r m + j'irir m ri)^tanh jif, m = 2, 3 j>. 

^ (51) 

When j'3 = 63 there are three nonisomorphic quantum spaces: one with 
commutative base {ri,r 2 } 

S^(t 3 ; o"o) = I [n,r 2 ] = 0, [r 3 , r m ] = ivr m (l + jf(rj + jfrf)) , m = 1, 2| 

(52) 

and two with noncommutative base: S^(a 3 ; 07), which has commutation re- 
lations (l4"oT) . where 

J"2 — f"2 = ijiTiVi— sinh J/t> 
Jj 

and 5^(43; (j//), which has commutation relations (l47j) . where 

r 1 -f 1 = ijlj%r 2 r2-r siim 
J// 

In the case of nonminimal multipliers all quantum deformations of the 
Euclid space are isomorphic to 

S^(ii; oy) = I [n, r 3 ] = [r 2 , r 3 ] = 0, [r h r 2 ] = iuj (53) 

and are the simplest ones. 

For j 2 = L 2 two quantum spaces with commutative fiber are isomorphic 

Sl{L2;<?v) = |h,r 3 ] = [r 2 ,r 3 ] = 0, [n,r 2 ] = ™(1 + j\M)}= ^(^y), 

(54) 
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but the quantum space with noncommutative fiber 



Strain) = |h,r 2 ] = [n,r 3 ] = 0, [r 2 ,r 3 ] = (55) 

presents new quantum deformation. In spite of the same commutation rela- 
tions (j53|) and f[55"j) the quantum spaces S^(t 2 ;0y) and S^(l 2 ;<Jjjj) need be 
regarded as different one because of their different fibering. 

For j 3 = t 3 on the contrary two quantum spaces with commutative base 
are isomorphic 

S^s; a nI ) = | [ri,r 2 ] = [r 2 , r 3 ] = 0, [r u r 3 ] = ii; (l + jf> 2 + j 2 2 r|)) |= S^ 3 ; 

(56) 

New quantum deformation with noncommutative base is given by 

Sv(i3] a v ) = | [n, r 2 ] = i (l + ii {r\ + J 2 ?*!)) tanh j*j 2 v, [r 1} r 3 ] = [r 2 , r 3 ] = 1. 

(57) 

Let us stress that deformation parameter remain untouched under this last 
contraction (|57|) . 

Physically quantum spaces (|50|) . ( l5Tj) . ()54l) . (1551 with j 2 = t 2 can be inter- 
preted as quantum analogs of the (1 + 2) nonrelativistic Newton kinematics 
of constant curvature (zero curvature or Galilei kinematics, when j\ = Li). 



6 Conclusion 

The quantum Cayley-Klein spaces of constant curvature 0^(j;a) are uni- 
formly obtained from the quantum Euclidean space in Cartesian coordi- 
nates by the standard trick with real, complex, and nilpotent numbers, using 
a q-analog of Beltrami coordinates. The transformation of the quantum de- 
formation parameter Z = Jv under contraction is the important ingredient of 
the noncommutative quantum groups and noncommutative quantum spaces. 
Unlike previous papers on this subject contraction parameters of the second 
power are included in the multiplier J, what make all contractions admis- 
sible. The different combinations of quantum structure and Cayley-Klein 
scheme of contractions and analytical continuations are described with the 
help of permutations a. As a result the quantum orthogonal deformations of 
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three and four dimensional Caley-Klein vector spaces as well as those of two 
and three dimensional constant curvature spaces are obtained. 

For three dimensional Caley-Klein vector spaces we have found two noni- 
somorphic quantum deformations ff23l) . fl35|) of semi-Euclidean space with one 
dimensional base and two dimensional fiber, as well as two different defor- 
mations ( 12"4"|) .( I30I) of semi-Euclidean space with two dimensional base and 
one dimensional fiber. Four dimensional Caley-Klein vector spaces have two 
quantum deformations (|4~2]) of commutative fibered space with one dimen- 
sional base and three dimensional fiber, three nonisomorphic deformations 
( |43|) of semi-Euclidean space with two dimensional base and two dimensional 
fiber, as well as two deformations (I44p of fibered space with three dimensional 
base and one dimensional fiber. 

Concerning spaces of constant curvature there are two nonequivalent de- 
formations f )27|) . fl38|) of Euclidean plane and three deformations fr28|) .f l33|) .f l39|) 
of cylinder or Newton plane. In the dimensional three we have found two 
quantum deformations P9l). fl53|) of Euclidean space, four different deforma- 
tions (loUl) . flTTI) . floTI) . flool) of semi-Riemannian space with one dimensional base 
and two dimensional fiber and five nonisomorphic quantum deformations 
( 14^ .( 14T|) . (!5^ . (!56|) .( |57|) of semi-Riemannian space with two dimensional base 
and one dimensional fiber. 

This demonstrate a wide variety of the quantum deformations of of the 
fibered semi-Riemannian spaces. One of their remarkable property is that for 
some of them commutation relations of generators are proportional to a num- 
bers fl38|) . f )53|) instead of generators, i.e. the simplest possible deformations 
are realized. The unique quantum deformation of the rigid algebraic structure 
of simple Lie groups and Lie algebras [Ij is transformed into the spectrum 
of nonisomorphic deformations of the more flexible contracted structure of 
non-semisimple Lie groups and associated noncommutative spaces. 
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